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I. SUPPLEMENTARY MATERIAL
A. Expanded version of Eq. (7)
A fuller version of Eq. (7) in the main text is given below.
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B. Lennard-Jones long range correction for a MOP liquid halfspace
Long range interaction effects also need to be included in the MOP case, where the truncation
is over a half-space rather than the usual sphere shell extending to infinity. The LRC to the
pressure from the omitted pair interactions for pair separations r > rc in the MOP case is,
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where r = |r|, f(r) = −dφ(r)/dr is the radial pair force, and g(r) is the radial distribution
function. The last line assumes spherical symmetry, an isotropic potential and g(r) = 1 for
r > rc. The prefactor of 2 in the first equation is to take account of all the interactions from
both sides of the virtual MOP plane at z. The PLRC for MOP in Eq. (2) is seen to be the
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same as that of the bulk system virial expression.
C. Density fluctuations
The density fluctuation PDF can also be expressed in terms of the PDF of the number of
molecules, i, or W (i) in the subvolume, Ω. As ρ/ρ = i/M and σ2(Ax) = A
2σ2(x) then
σ2(i) = MρkBTβT . If the subvolume is spherical and is centered on a molecule, then the
formula for the so-called ‘radial fluctuation function’, w(R) = σ2(i)/M is recovered,
1,2 which
has peaks and troughs that mirror those in the radial distribution function. Liquid and
supercooled liquids were examined in terms of w(R) in Refs.1,2.
D. Pressure PDFs
Supplemental Figure 1 shows the configurational part of the pressure variance, < (∆Pc)
2 >
as a function of Ω−1 on a log-log scale for the cubic and spherical subvolumes (there is no
statistically significant difference between the two or for the ensemble). Figure S1 and Table I
in the main text indicate that the variance of the VA pressure is larger than the AVIR method
for small subvolumes, suggesting a greater deviation from a Gaussian form in the VA case.
Supplemental Figure 2 shows the AVIR and VA pressure PDF for the cubic SV where R = 1
and N = 2048. There is no statistical difference between the data from 2048 and 4000
molecules, which are both shown on Fig. 11. Also there is no statistically significant difference
between the values obtained for the NH and VS thermostats, and NVE dynamics, apart from
SV close to the dimensions of the simulation cell.
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FIG. 1: Figure S1: The PDF shown is of the mean configurational pressure for a cubic
subvolume, Pc,Ω. The atomic virial (AVIR) of Eq. (13) and Volume Averaging (VA) Eq. (2)
routes in the MD simulation are shown as black symbols for R = 5 and blue symbols for
R = 2. The state point is ρ = 0.9157 and T = 1.0. There were N = 2048 molecules in the
simulation cell and rc = 3.5. A Nose´-Hoover thermostat with a time constant of 3 was used.
For clarity, the curves are shifted upwards and scaled by factors indicated on the figure. The
solid red lines mark out the Gaussian function of Eq. (16) with the variance, σ2 given by
Eq. (19).
E. Standard deviation, skew and kurtosis of Pressure PDFs
Supplemental Figure 3 shows that the variance, skew and kurtosis statistical measures of the
pressure PDFs as a function of R. For the VA and AVIR local pressure definitions, the skew
and kurtosis are statistically zero for ca. R > 2, indicating essentially a Gaussian PDF, whereas
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FIG. 2: Figure S2: As for Supplemental Figure 1 except R = 1.0 for a cubic subvolume.
the variance increases more ca. R < 3. The VASH PDFs measured by the standard deviation
are always significantly broader than the corresponding VA PDFs from which they are con-
structed, presumably because the sampling volume is much smaller with VASH compared to
the corresponding VA case. The VASH skew and kurtosis start to show stronger deviations
from zero as R decreases, indicating a non-Gaussian form.
F. Shear stress PDFs
Supplemental Figure 4 presents the configurational part of the shear stress PDF for a
cubic subvolume of R = 2.0 and 5.0 using the AVIR of Eq. (13) and VA of Eq. (2)
definitions of the local pressure. The red curve in each case is the Gaussian PDF with
a variance of kBTG∞,c/Ω. The trends are similar to the pressure PDF of supplemental
Figures 1 and 2 but the shear stress PDFs appear to be more Gaussian. The AVIR and
VA methods give very similar PDFs. Note that the mean value of the PDF or < Pxy >
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FIG. 3: Figure S3: The standard deviation (SD), skew and kurtosis in the panels from left
to right as a function of R which ranges between 0 and 7 in each panel. The state point is
ρ = 0.9157 and T = 1.0. The subvolume is cubic for VA and VASH. The trace of the pressure
tensor is denoted by ‘tr’ and the normal component is ‘norm’ on the figure annotation. The
maximum value of R is s. s/2 = 6.5389. The brown symbols are for the spherical subvolume
using NVE dynamics.
is zero, as liquids at equilibrium cannot sustain averaged over long times a non-zero shear stress.
G. Standard deviation, skew and kurtosis of shear stress PDFs
Supplemental Figure 5 shows that the variance, skew and kurtosis statistical measures of
the configurational part of the shear stress PDF as a function of R. Comparison with the
corresponding properties for the pressure in Fig. 10 in the main text reveals from the skew and
kurtosis that the shear stress PDF is more closely Gaussian for the various SV considered.
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FIG. 4: Figure S4: The PDF of the configurational part of the shear stress, Pxy, for a cubic
subvolume, Pc,Ω. the atomic virial (AVIR) of Eq. (13) and Volume Averaging (VA) Eq. (2)
routes in the MD simulation are shown as black symbols for R = 5 and blue symbols for
R = 2. The curves are shifted upwards and scaled as indicated in the annotation, to
distinguish them better. The red curves are using W (Pxy) from Eq. (16) where the variance is
kBTG∞,c/Ω, where G∞,c = 36.1 is the configurational part of the infinite frequency shear
modulus. Note the curves are shifted upwards by amounts indicated in the annotation.
H. Relevance of the results of this work to MD-Continuum coupling
From a coarse-graining and MD-Continuum coupling point of view, the Ω−1 scaling of the
variance indicates that the simulation time needs to be inversely proportional to Ω to obtain
the same relative accuracy in the SV property. Smaller volumes require longer averaging
times. This value needs to be exchanged to the continuum cell. For coupling one would not
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FIG. 5: Figure S5: As for Supplemental Fig. S3 except the shear stress standard deviation
(SD), skew and kurtosis are shown in the panels from left to right as a function of R which
ranges between 0 and 7 in each panel.
want to use a SV where there were significant differences from a Gaussian PDF, as excluded
volume effects (i .e., explicit molecule-molecule interactions) cannot then be ignored, and they
are not trivial to express as simple formulas. This is especially important as the continuum
models do not include fluctuations in general, and even when they are included, in fluctuating
hydrodynamics, they only assume Gaussian statistics.3 Therefore it only seems reasonable to
couple two liquid descriptions where both exhibit Gaussian fluctuation statistics.
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